The coupling of lattice dynamics and phonon transport methodologies with density functional theory has become a powerful tool for calculating lattice thermal conductivity (k) with demonstrated quantitative accuracy and applicability to a wide range of materials. More importantly, these first-principles transport methods lack empirical tuning parameters so that reliable predictions of k behaviors in new and old materials can be formulated. Since its inception nearly a decade ago, first-principles thermal transport has vastly expanded the range of materials examined, altered our physical intuition of phonon interactions and transport behaviors, provided deeper understanding of experiments, and accelerated the design of materials for targeted thermal functionalities. Such advances are critically important for developing novel thermal management materials and strategies as heat sets challenging operating limitations on engines, microelectronics, and batteries.
Introduction
Thermal management is of critical importance for advanced applications including waste heat harvesting and solid-state refrigeration with thermoelectric devices, cooling of microprocessors and memory storage devices, and thermal barrier coatings for increased Carnot efficiency. Furthermore, studying thermal processes is of fundamental scientific interest as transport limits and phonon couplings (with each other, external stimuli, and other material degrees of freedom) are not fully understood. Empowered by high-performance computing, Peierls-Boltzmann transport (PBT) combined with density functional theory (DFT) has become a powerful tool for describing phonon interactions and thermal conductivity (k) behavior in a wide variety of materials. Firstprinciples PBT/DFT k calculations have demonstrated quantitative accuracy without empirical adjustable parameters and thus provide a tool for making realistic predictions of phonon interactions and transport behaviors and for interpreting related experiments. PBT/DFT methods have been applied to bulk and nanostructured materials (superlattices, two-dimensional [2D] sheets, nanowires and tubes [1D] ) with a wide range of k values (from~0.12 W/m-K in halide perovskite nanowires [1] to 4300 W/ m-K in graphene [2] at room temperature), targeting thermoelectric and thermal management applications. Advanced first-principles thermal transport calculations also provide a tool for developing novel physical insights into lattice dynamical and transport behavior.
The primary objective of this review article is to demonstrate the versatility of state-of-the-art first-principles PBT/DFT k calculations by drawing attention to the variety of materials examined in the literature ( Fig. 1) , highlighting unusual predictions and couplings with experiment. Owing to the prodigious number of first-principles k calculations in the literature, this review will focus primarily on calculations that involve scattering rates from quantum perturbation theory as input into the PBT/DFT formalism. Discussion of recent advances in lattice dynamics and transport toward addressing fundamental challenges presented by defects, disorder, and strong anharmonicity will be presented, as well as transport phenomena beyond the PBT/DFT description (e.g. hydrodynamic transport). The goal of this review is to provide a comprehensive resource to guide the reader to materials and applications of interest and give an overview of current trends and challenges in first-principles thermal transport calculations.
Phonon thermal conductivity
Fourier's law describes the linear response of an induced thermal energy current density to an applied temperature gradient across a material: J ¼ À k vT vx . The constant of proportionality k is the thermal conductivity of a material, a measure for how easily thermal energy can traverse it. In 1911, Einstein extended his theory of the specific heat of solids (atoms as independent oscillators) to describe k as a random walk of thermal vibrational energy among the coupled but independent oscillators [3] . This random walk of thermal energy failed to describe the measured k of KCl as the correlated vibrations of atoms, phonons introduced by Debye [4] , actually govern thermal transport in most semiconductors and insulators.
In the context of kinetic theory, this phonon k is given by the following equation [5, 6] :
where the sum is performed over the first Brillouin zone, C q ! j is the volume-normalized specific heat for phonon mode with wavevector q ! in branch j, v q ! j is the phonon speed, and t q ! j is the phonon lifetime. Often Eq. (1) is written in terms of the phonon mean free path l q ! j ¼ v q ! j t q ! j . Note that v q ! j and t q ! j can have directional dependence and k is a tensor quantity as a material's response to an applied temperature gradient can vary along different crystallographic directions [7] . In practice, however, k can be described by one (e.g. Si [7] ), two (e.g. graphite [2] ), or three components (e.g. SnSe [8] ) for most systems. C q ! j and v q ! j are determined from the phonon dispersion (frequency [u]/wavevector relationship) of a material, which is in turn determined from the dynamical matrix constructed from harmonic interatomic force constants (IFCs) [5, 6, 9, 10] . The real challenge in calculating k, however, is determining the phonon lifetimes t q ! j as governed by anharmonic phonon-phonon interactions, the intrinsic thermal resistance of a material. This requires calculated anharmonic IFCs that act as a perturbation to the harmonic phonon Hamiltonian in quantum perturbation theory e Fermi's golden rule.
The lowest order perturbation describes three-phonon interactions and requires third-order derivatives of the interatomic potential as input [5e7].
Peierls-Boltzmann transport
The phonon lifetimes are constructed from solution of the PBT equation that describes the balance of a gas of interacting phonons driven from equilibrium by a temperature gradient V ! T [11] :
The set of all possible phonon-phonon interactions are input into the right-hand side of Eq. (2) . n q ! j are the nonequilibrium phonon distributions determined by solving Eq. (2) and related to the phonon lifetimes in Eq. (1). For materials with relatively low k (e.g. thermoelectrics or thermal barrier coatings), the relaxation time approximation (RTA) gives an appropriate solution to Eq. (2) [12, 13] as Umklapp scattering (involving phonons outside the first Brillouin zone) has comparable strength to normal scattering (strictly conserves crystal momentum) [5, 11] . In this case, t q ! j are determined by simply summing up all the individual scattering probabilities from Fermi's golden rule. For materials with high k (e.g. carbon-based systems [2, 14] ) or lower dimensionality (e.g. graphene and silicene [2, 15] ), full solution of Eq. (2) is necessary, for example, by self-consistent iteration [16] or variational methods [17] . Given the Peierls-Boltzmann formalism to calculate t q ! j and Eq. (1) for the conductivity, the critical ingredient is an accurate description of the interatomic interactions, both harmonic and anharmonic.
Density functional theory
Various descriptions of the interatomic interactions needed to calculate harmonic (second-order derivatives of the interatomic potential) and anharmonic (typically third-order derivatives) IFCs have been developed over the years to describe stretching and bending in covalent-bonded, ionic-bonded, and van der Waalsebonded materials, including a variety of empirical Si and Ge [7] . This work demonstrated unprecedented quantitative accuracy over a wide temperature range with no adjustable parameters and has since inspired a plethora of ab initio phonon transport calculations for a variety of systems (metals, semiconductors, and insulators in one, two, and three dimensions), providing further validation, making new predictions, testing old paradigms, raising new questions, and developing understanding of measured observables. Figs. 2 and 3 compare PBT/DFTecalculated k with measured values for BP (high k) [36] and CoSb 3 and IrSb 3 (low k) [37] and reference for many of the calculations to follow these first efforts and discuss challenges to the PBT/DFT formalism and other transport behaviors.
Testing and validation
The first publications using the PBT/DFT methodology which followed the 2007 Broido work [7] also provided strong validation for its use by comparing with measured data for diamond [14] , MgO [42] , and half-Heuslers [43] , materials with a wide range of k values, and for calculations over a wide temperature range. The variety of calculations was extended to involve IFCs calculated from density functional perturbation theory (reciprocal space) and DFT supercell (real space) approaches.
First-principles k calculations can be sensitive to the approximations, cutoff, and convergence parameters used. Thus, careful consideration of DFT choices should be made depending on the desired level of quantitative accuracy. For instance, it has been demonstrated that not enforcing point group symmetries and translational invariance [13, 44, 45] on the calculated anharmonic IFCs of zincblende elemental and compound semiconductors can lead to lower calculated k than when these are enforced [45] . Related to this, calculations have demonstrated that k can vary with respect to the interaction cutoff distance (number of neighbors considered to be interacting) [45e48] .
Choice of DFT flavor (LDA, GGA, or more sophisticated) can also give quantitative differences in k calculations. Often, discrepancies are simply caused by the tendency of the LDA to overbind atoms [49] , giving higher optic phonon frequencies than measured values. This can result in less calculated scattering of the heat-carrying acoustic phonons and thus a larger k than predicted by the GGA, which tends to do the opposite. Recent work has rigorously tested functional choice and variance among pseudopotentials in describing k of Si [50] and graphene [51] , as well as the importance of maintaining responsible convergence criteria when calculating harmonic and anharmonic IFCs. Other work has made comparisons of LDA-and GGA-calculated k in a variety of systems, including Ar [52] , graphene [53] , SnSe [54] , SrTiO 3 [55] , LiH and LiF [56] 
Four-phonon and electron-phonon coupling
Despite the incredible success of first-principles calculations based on three-phonon scattering alone, extrinsic scattering from defects (e.g. grain boundaries, vacancies, and dislocations e see Section 5) and intrinsic scattering from higher order phononphonon interactions and couplings to other degrees of freedom can provide significant thermal resistance in measurements. Here, we briefly highlight recent PBT/DFT efforts to include four-phonon interactions and electron-phonon coupling.
Four-phonon scattering
Including higher order anharmonic scattering is a challenge because of its more complex formalism [65] and demanding computational cost, despite observed discrepancies between theory and experiment, particularly at higher temperatures. For example, calculated optic phonon linewidths of many important polar materials (e.g. GaAs) were underestimated when compared to measurements, even at room temperature [29] . Furthermore, from molecular dynamics (MD) simulations (Section 7.3), another widely used method to calculate k which includes all orders of anharmonicity, clues of the significance of fourth-and higher order anharmonicity in determining k were elucidated by truncating the interatomic potential of argon [66] .
Efforts to understand the role of four-phonon scattering in determining k have included phase space calculations for bulk semiconductors [67] , four-phonon scattering rates from simple models of carbon nanotubes [68] , and qualitative assessment of quartic anharmonicity in UO 2 and CeO 2 [69] . The first rigorous perturbation theory method of four-phonon scattering rates and PBT k was developed using empirical potentials for Ar, Si, and Ge [65] .
More recently, four-phonon scattering has been incorporated into full PBT/DFT calculations of k for diamond, Si, and BAs [70] , demonstrating markedly improved agreement with measured data for diamond and Si over three-phonon-only calculations, particularly at higher temperatures. Four-phonon scattering scales as T 2 , whereas three-phonon scattering scales as T; thus four-phonon scattering was found to be negligible for silicon at room temperature, but reduced k by~30% at 1000 K [65, 70] . More surprisingly, four-phonon scattering reduced the room temperature k of BAs bỹ 40% [70] , more in line with recent measurements [71e73] (Fig. 4 ). This strong dependence on four-phonon processes in BAs is a result of the small phase space available for three-phonon scattering [74] .
Similar k suppression by four-phonon scattering of flexural phonons was found in graphene [75] . Furthermore, four-phonon scattering scales as u 4 , whereas three-phonon interactions scale as u 2 [65, 70] . Thus, four-phonon interactions are important for determining optic phonon lifetimes and linewidths over a wider range of temperature. Recently, PBT/DFT calculations of k for strongly anharmonic materials, NaCl [76] and PbTe [77] , demonstrated that both four-phonon scattering and phonon renormalization are needed for appropriate interpretation of measured data. As these tend to give opposing effects for k, both studies suggested that three-phonon-only calculations agreed only coincidentally with measured data for these materials.
PBT/DFT calculations have demonstrated that including higher order phonon-phonon interactions is important for accurately describing phonon lifetimes and k particularly for (1) materials at high temperatures, (2) phonons with high frequencies, (3) materials with limited three-phonon scattering, and (4) materials with strong anharmonicity.
Electron-phonon coupling
Lattice distortions and vibrations can couple with electronic structure to limit electronic carrier mobility, and turning this around, electron-phonon coupling can limit lattice thermal conductivity by scattering of phonons. Recently, methods have been built to describe electron-phonon coupling from first principles [78e82] with application to thermal transport. PBT/DFT calculations coupled with first-principles description of electron-phonon coupling have been demonstrated to limit lattice thermal conductivity in heavily doped Si [83] , elemental metals [57, 84] , and transition metal carbides [85] . PBT/DFT calculations have demonstrated that electron-phonon interactions can play an important limiting role in both phonon and electronic transport, particularly in metals or heavily doped semiconductors. Also, anomalous temperatureindependent lattice k behavior has been predicted in metals with nested Fermi surfaces (strong electron-phonon coupling) and large frequency gaps between the acoustic and optic phonons (weak phonon-phonon coupling) [85] .
Temperature
Surprisingly, temperature can present a significant challenge to accurate PBT/DFT calculations of thermal transport, particularly in strongly anharmonic materials and/or materials that undergo temperature-induced phase transitions. Typical PBT/DFT calculations include the effects of temperature through the Bose-Einstein distributions of the phonons, which are built into the threephonon scattering rates [5, 7] , and in the mode specific heat of Eq. (1). Such calculations, although validated by comparison with measured k as a function of temperature for a variety of materials, do not include the effects of thermal expansion or variations of harmonic and anharmonic IFCs with temperature. To partly address these challenges, k calculations have been performed within the quasi-harmonic approximation [86] , for which the vibrational free energy of the system is used to find structural parameters, harmonic and anharmonic IFCs for a given temperature. This method has been used to examine thermal transport in PbS, PbSe, and PbTe [87] and LiH and LiF [56] . It is to be noted that typical materials tend to expand with increasing temperature, which often gives lower frequencies. Thus, this presents a challenge for calculations that already underpredict phonon frequencies at 'zero temperature' (T ¼ 0), as the GGA description of the electronic structure tends to do.
More sophisticated methods have been developed for which lattice expansion and temperature-dependent force constants are determined for subsequent k calculations at each temperature based on small-scale MD simulations and by mapping to an effective potential [88, 89] , compressive sensing [90] , self-consistent phonon theory [91, 92] , and other phonon renormalization methods including quartic anharmonicity [76, 77] . These methodologies do not require that the harmonic approximation is valid at each volume/temperature considered and have demonstrated vibrational stability (no imaginary phonon modes) in materials for which T ¼ 0 calculations do not. Systems studied with these approaches include PbTe [93, 94] , InSb [95] , Bi 2 Te 3 [96] , SrTiO 3 [55] , and ScF 3 [97] . Fig. 5 demonstrates the role of temperature and anharmonicity in determining the phonons of PbTe [93] . Regardless of the method, DFT determination of the IFCs is computationally expensive; thus, calculation of these at each temperature for a wide range of temperature can be a significant numerical challenge.
These sophisticated approaches for including temperature and higher order phonon interactions (Section 2.4) have demonstrated the ability to derive transport properties in materials otherwise inaccessible to PBT/DFT methods. In strongly anharmonic materials, renormalization of the phonons has demonstrated a more accurate description of the vibrational frequencies, and including higher order scattering becomes relevant for the phonon lifetimes. These methods helped elucidate the anomalous vibrational and transport behaviors of PbTe [93, 94] , a material near a ferroelectric instability, and predict anomalous temperature-dependent k in ScF 3 [97] , a negative thermal expansion material.
Mechanical strain
Application of pressure or strain to a material, whether bulk or 2D, can significantly alter k and k behavior. Early PBT/DFT calculations derived insights into the response of k of MgO to hydrostatic pressure, with values similar to those found in the Earth's mantle, shedding light on Earth's thermal history [42] . Similar hydrostatic pressure studies have been published for Argon [52] , diamond (large increase in k with pressure) [98] , and other compound materials [99, 100] . Typically, k increases with increasing pressure in bulk materials as phonon sound velocities increase and phonon coupling of heat-carrying acoustic phonons to optic modes is reduced. Opposing this, an unusual pressure response was observed with PBT/DFT calculations: k decreasing with pressure due to increased intrinsic phonon scattering in large mass difference compounds [100] , and proximity to pressure-induced phase transitions in HgTe and CuCl [101, 102] .
Many ab initio studies of the effects of the application of strain on k in 2D materials have also demonstrated some unusual k behaviors. Isotropic strain was predicted to change k minimally for small strains,~1% in samples with size~10 mm [53, 103] . Nonmonotonic k response, first increasing k for moderate strain and then decreasing k with increasing strain, was predicted for graphene's cousins, (silicene, germanene, and stanene) [15, 104] , and multilayer graphene and BN [105] . The interplay of size and strain was examined in graphene and MoS 2 [103, 106] . Pressure and strain have been shown to give a variety of different k behaviors, all linked to induced changes in the phonon dispersions as the structure is manipulated. PBT/DFT calculations have demonstrated that softening transverse acoustic modes enhances scattering resistance [102] , whereas hardening optic modes gives reduced resistance [100] . In some cases, an interplay of these features, as well as with varying phonon velocities, can give rise to non-monotonic k behavior as a function of strain and pressure [15, 104] .
High k and low k materials for applications
A key utility of the PBT/DFT methods described previously is to predict and design novel thermal functionalities for new and known materials and to develop deeper physical insights into the thermal processes that drive them. This section will highlight application of PBT/DFT methods to probe high and low k regimes toward thermal management applications.
Thermal management materials (high k)
Carbon-based materials have long been known to have the highest k of all systems: diamond, graphite, and graphene. Guided by the physical properties of these materials, four basic empirical rules were developed to understand the origins of high k: (1) simple crystal structure, (2) strong interatomic bonding, (3) light atomic mass, and (4) low anharmonicity [107, 108] . Strong bonding and light mass combine to give stiffer phonons with larger velocities to better carry heat, and low anharmonicity gives increased phonon lifetimes. In the search for new high k materials, PBT/DFT calculations have tested and augmented these rules in terms of the number of phonon-phonon scatterings available given conservation of energy and momentum conditions (scattering phase space). This phase space is governed by features of the phonon dispersions, and it was found that high k can also occur in materials with (1) a large gap between heat-carrying acoustic phonons and optic modes [109, 110] , (2) acoustic branches tightly grouped together [74, 111] , and (3) small bandwidth of the optical branches [46, 112] . Recent first-principles calculations have been used to further probe lattice k and guide experimental efforts to attain high k in materials including GaN [109,113e115] , SiC [116, 117] , diamond and BN variants [118] , and BP [36] .
To further highlight the predictive utility of PBT/DFT k calculations and to tie together many of the topics discussed in this survey, the various efforts to examine thermal transport in zincblende BAs are discussed here. Given the empirical rules described previously and a simple model, Slack predicted BAs to have k~200 W/m-K [107] . However, a later PBT/DFT calculation predicted a room temperature k value~2200 W/m-K [74] , nearly that of the best bulk conductor diamond, despite the BAs average mass being nearly 3.5 times larger. In that work, this discrepancy was attributed to a large frequency gap between acoustic and optic phonons and bunching together of the acoustic branches, severely limiting the phonon scattering phase space. However, these arguments were based on features of the phonon dispersion which were not yet measured; only frequency measurements of zone center Raman-active optic modes [119] gave some validation of the calculated dispersion. Subsequently, BAs crystals were synthesized and characterized (Raman [119, 120] , X-rays [121] , and k [122e124]) with measured k values~200e350 W/m-K, more in line with Slack's arguments and prediction from decades earlier [107] . X-ray scattering measurements verified the predicted acoustic/optic frequency gap and bunching of the acoustic phonons [121] ; however, phonon linewidths/lifetimes were not reported. The discrepancy of measured and predicted k was attributed to extrinsic crystal defects, including grain boundaries, As vacancies [125] , and paired B and As antisite defects [126] . Subsequent PBT/DFT calculations including four-phonon scat- 
Thermoelectric materials (low k)
On the opposite k spectrum to BAs, low k materials are of extreme importance for thermal insulation, barrier coatings for improved Carnot efficiency, and for waste heat harvesting and solid-state refrigeration using thermoelectrics. Low k materials challenge PBT/DFT calculations as these often have soft vibrational modes, many scattering channels to compute, strong anharmonicity, and questionable relevance of the phonon picture. Nonetheless, many interesting insights have been elucidated from PBT/ DFT k calculations in low k materials, some of the earliest work done with relation to Si/Ge alloys and nanostructures [127e129]. Observation and calculation of a soft transverse optical branch governed by a ferroelectric instability in the prototypical thermoelectric material PbTe [93, 130, 131] [152] , and halide perovskite nanowires (0.12e0.24 W/m-K) [1] .
As the acoustic phonon contributions to k are suppressed in highly anharmonic low k materials, optic phonons can provide nonnegligible contributions to the overall k despite their typically smaller velocities and lifetimes. This unusual behavior has been observed in Ga 2 O 3 [153] , prototypical phase change material Ge 2 Sb 2 Te 5 [154] , and mass-functionalized graphene [155] .
PBT/DFT calculations have probed the lower limit to k in crystalline materials and have provided physical insights into a myriad of vibrational features that enhance thermal resistance in materials with simple or complex structures. For example, resonant bonding in PbTe, SnTe, and other materials was demonstrated to give longranged interactions and enhanced scattering [46] . Acoustic-optic hybridization and avoided branch crossings have also been shown to give enhanced resistance in materials [136, 148] . Similarly, low-frequency optic branches in materials near phase transitions [93, 130, 131, 149, 152] or from rattling modes in skutterudites [147] have been associated with enhanced phonon scattering and low k.
Nanostructures
Nanostructures such as superlattices and nanowires are known to suppress k for enhanced thermoelectric performance via scattering of phonons from interfaces and boundaries; however, ultrahigh k values can also be achieved in 1D and 2D materials as phonon behaviors and scatterings are significantly altered from their bulk behaviors. Here, we highlight first-principles PBT/DFT calculations of k in lower dimensional and nanostructured materials.
Lower dimensional materials
A striking success of the PBT/DFT formalism is its applicability to lower dimensional materials. These methods have validated previous predictions based on empirical models [156, 157] of the transport behavior in the prototypical 2D material graphene with its ultrahigh measured [158e161] and predicted [2, 53] k and have elucidated other possible transport mechanisms (e.g. ballistic and hydrodynamic transport [162, 163] as discussed in Section 7.2).
Despite reduced number of integrations required to describe k in 2D materials, these systems present particular challenges not encountered in bulk, including a quadratic acoustic flexural branch (often labeled ZA) [164] , ill-defined material thickness (experiment and theory), which is required to compare 2D k to that in bulk materials [165] , questionable convergence/divergence with infinite system size [15, 53, 103, 166, 167] , validity of the relaxation time approximation [53, 162, 163] , and large number of integration points required to adequately describe phonons and transport [15, 103] [175] , InSe [176, 177] , MXenes [178, 179] , and borophene and borophane [180e182], to name a few. Ab initio methods have also been applied to examine thermal transport in a few 1D systems, although with the challenges described previously for 2D systems exaggerated. To date, first-principles PBT/DFT calculations include diameter dependence of k in single-walled carbon nanotubes [183] , comparing bulk and 1D polyethylene [184] , Ta 2 Pd 3 Se 8 nanowires [185] , and Ba 3 N chains [186] .
PBT/DFT k calculations in lower dimensional materials have elucidated the roles of structure, bonding, and dimensionality in determining transport behavior. For example, calculations give new phonon-phonon scattering selection rules based on reflection symmetries [53] or quantum phonon chirality [186, 187] . Buckling of materials [15,104,155,167,172e174] and coupling with other layers or a substrate [156] breaks these scattering rules, giving stronger interactions and lower k.
Nanostructured materials
The PBT/DFT formalism has also been used to describe k of different thin film, nanowire, and superlattice systems. The combination of materials in short-period superlattices gives coherent wave interference effects (alters their phonon dispersions) [188] and provides scattering interfaces that can limit phonon transport, thus enhancing the thermoelectric figure of merit. Vibrational properties and k of Si/Ge superlattices were calculated [129,189e192] , elucidating an interesting enhancement to k in the short-period limit and the role of material intermixing at the interfaces. In a high-profile publication, calculations of AlAs/GaAs superlattices accompanied experimental demonstration of coherent acoustic phonon transport across superlattice interfaces [193, 194] . A more recent theoretical/experimental collaboration has examined tailored k in InAs/GaAs superlattices [195] . PBT/DFT methods have also been applied to examine coherent effects in thin films and porous structures, including diffusive and ballistic phonon conductivity in Si porous films [196, 197] and mean free path distributions in Si with nanopatterned heating array experiments [198] . Some early nanowire k calculations iteratively solved the PBT including phonon distributions that were spatially dependent for Mg 2 Si/Sn alloys [13] , diamond, and Si [199] .
Defects and disorder

Isotopes
The first PBT/DFT calculations for k of Si and Ge showed remarkable agreement with measurements but were only compared with isotopically enriched samples of very high quality in which intrinsic three-phonon scattering was presumably the dominant thermal resistance. The following work, calculating k for Si, Ge, and diamond [14] , demonstrated that including phonon scattering from isotopic mass variations via quantum perturbation theory [200] provides equally good agreement with measured data, without adjustable parameters, thus extending the applicability of this method. Subsequent work has since demonstrated that isotopes can play an important role in scattering phonons in materials for which the intrinsic three-phonon scattering is weak, for example, at lower temperatures or in compound materials with a large mass mismatch of the constituent atoms [201] . One notable prediction was a 65% enhancement to the room temperature k of GaN with isotopic purification of the heavy Ga atoms [109] ; this is compared to the largest measured room temperature isotope effects for diamond and graphene~50% [202] and~60% [161] , respectively. PBT/DFT calculations predict only a modest~10e15% RT k enhancement for isotopically purified graphene [2, 53, 103] , a notable and unresolved discrepancy, although still within the measured error bars.
Extrinsic defects
First-principles calculations of k are complicated further when comparing with measured k in materials with significant phonondefect interactions with, for example, vacancies, surfaces, and dislocations. Often, these phonon-defect scattering mechanisms are described by formulas simplified from perturbation methods or from empirical observations and are coupled to intrinsic phonon-phonon scattering from PBT/DFT calculations. Here, we highlight recent advances coupling PBT/DFT with Green's function methods to provide fully ab initio calculations of k in materials with defects. Phonon-vacancy scattering from DFT Green's function methods have been found to be nearly an order of magnitude stronger in diamond [203] , BAs [125] , graphene [204] , and InN [205] than that from previous empirical methods. Structural relaxation and IFC variance play a critical role toward scattering phonons, beyond simple mass and first-order perturbation theory approximations. Similar effects were also found for isotope clusters in graphene [206] and substitutional atoms in SiC [116] , graphene [204] , GaN [114] , FeSi [207] , InN [205] , and antisite defects in BAs [126] . This methodology was even applied to examine phonon-dislocation scattering and thermal transport in Si [208] and to describe conductance across interfaces in Si/Ge (including only mass variations) [128, 129] and gold/alkane interfaces [209] , as well as electron-phonon couplings in metal/ semiconductor interfaces TiS 2 /Si and CoSi 2 /Si (including force and mass variations) [210, 211] .
Alloy disorder
As discussed with defects previously, variation of masses and IFCs from those given by the perfect crystal structure can be a very strong scattering mechanism for phonons. Thus, another challenge for PBT/DFT k calculations is describing strongly disordered materials, such as alloys. The first such calculations used the virtual crystal approximation (VCA) to describe thermal transport in Si x Ge 1Àx [127] , PbTe x Se 1Àx [12] , and Mg 2 Si x Sn 1Àx [13] alloys for thermoelectric applications. The VCA averages the properties of the end components (e.g. harmonic and anharmonic IFCs, lattice constants, etc.) based on the concentration of each. On top of this, the mass variance of the alloy system is considered within quantum perturbation theory, similar to isotope mass variance [12, 13, 127, 200] . This approach has demonstrated reasonable agreement with k and phonon lifetime measurements despite neglecting phonon scattering from variations in the IFCs. Other VCA alloy calculations have been applied to k of other PbTe-based alloys [212] ; Mg x Cd 1Àx O [213] ; 2D alloys of InSe, GaSe, and GaS [177] ; and Bi-Sb alloys [47] , with other approximations in the thermoelectric Ge x Mn 1Àx Te [214] , and with embedded particles in Si/Ge alloys [215] . Force constant variation was shown to be significant for phonon-defect calculations and likely plays an important role in alloys. This was demonstrated by recent PBT/DFT k calculations using quasi-random supercells and Green's function methods for In 1Àx Ga x As alloys [216] (Fig. 6) .
Mass variance scattering from perturbative methods coupled with PBT/DFT calculations have successfully described k when including isotopic disorder [14, 109] and, in some cases including, alloy disorder using the VCA [12, 13, 127] . However, coupling of PBT/ DFT with Green's function calculations for materials with point defects, dislocations, and interfaces have demonstrated the importance of including force constant disorder and the breakdown of perturbative models for describing phonon scattering and transport.
Experimental probes
Various methods are available for probing structural, vibrational, and thermal properties of materials. This section briefly highlights some PBT/DFT calculations that have been coupled with such experiments to develop deeper physical insights into phonon behaviors.
Raman, X-rays, and neutrons
Some of the first ab initio anharmonic phonon calculations were designed to understand temperature, pressure, and isotope dependence of phonon frequency shifts and linewidths (inverse of phonon lifetimes) of Raman modes in semiconductor crystals (e.g. Si and GaAs) and later in more exotic systems (e.g. BN, graphene, Bi 2 S 3 , MoS 2 , and CH 3 NH 3 PbI 3 ) [28e35,217e219]. Recently, measured Raman linewidths in isotopically modified BN compared favorably with first-principles calculations, which provided an upper bound to the isotopically pure lifetime limit [35] . Raman linewidth measurements were also used to validate phonon lifetime predictions for Tl 3 VSe 4 [220] .
For 2D materials, Raman thermometry has become an important laser-based spectroscopic technique for extracting thermal conductivity values. This non-destructive technique determines k from the laser power absorbed in the sample and changes in measured Raman-active modes [158e161]. PBT/DFT calculations have been compared with Raman thermometry measurements of k for graphene [53, 103] and used in conjunction with these experiments to provide insights for MoS 2 [221] .
Inelastic neutron scattering (INS) and inelastic X-ray scattering (IXS) techniques are also valuable tools for probing phonon frequencies, optic and acoustic, throughout the entire Brillouin zone of a material. Depending on instrumental resolution, these methods can also give information of phonon lifetimes, provided these are sufficiently small (large linewidths) as in typical thermoelectrics and other low k materials. INS and PBT/DFT calculations have been coupled to understand the role of anharmonicity in determining phonon lifetimes and k in UO 2 [222] , spectral functions in PbTe [93] , and spectral weight in the density of states in CuCl [102] . IXS and PBT/DFT have also been coupled to understand the low k behavior in PbTe 1-x Se x alloys [132] and to validate phonon dispersion features critical to the high k prediction in BAs [121] , as discussed previously.
Thermal spectroscopies
More recently, ultrafast laser spectroscopies have been developed to measure the thermal conductivity of various material systems [223e229]. Unlike most traditional thermal measurement techniques [230] , these optical methods can be used to probe microscopic features of phonons in solids through observations of quasiballistic transport behavior, providing mode-dependent information and more restrictive tests of PBT/DFT calculations. Quasiballistic thermal transport occurs if a temperature gradient exists over a length scale comparable to the phonon mean free paths (MFPs) [231, 232] . In experiments, measured k reduction with varying length scale of the imposed temperature gradient is due to quasiballistic phonon thermal transport. This behavior has been reported in numerous experiments using transient grating spectroscopy [233, 234] , thermoreflectance methods [198,235e240] , soft X-ray diffraction [241, 242] , and lithographically patterned metallic heaters [243, 244] . These quasiballistic transport observations have been used to reconstruct the MFP distribution of phonons in various materials [198, 243, 245, 246] . Recent thermal measurements in single-crystal BAs using thermoreflectance techniques not only confirmed the ultrahigh thermal conductivity of BAs [71e73] but also revealed the phonon MFP spectra of BAs through a series of observations of quasiballistic thermal transport, agreeing well with the PBT/DFTecalculated MFP spectra [71] . These measurements further validated the PBT/DFT predictions from a more rigorous microscopic perspective. Besides phonon MFP spectra, the experimental observation of quasiballistic thermal transport also reveals insights of the microscopic processes of Fig. 6 . Measured (hollow black symbols) and calculated thermal conductivity (k l ) of In 1-x Ga x As alloys as a function of x at T ¼ 300 K. PBT/DFT calculations are given by curves (using the VCA) and filled circles (using Green's functions and special quasirandom supercells [red, 128 atoms; blue, 250 atoms]). Note that curves only consider mass disorder scattering, whereas filled circles consider both mass and force constant disorder. Reproduced from Ref. [216] with permission. LDA, local density approximation; PBEsol: Perdew-Burke-Ernzerhof-solid; PBT/DFT, Peierls-Boltzmann transport combined with density functional theory; SQS: special quasi-random supercells; VCA, virtual crystal approximation.
phonon transport across grain boundaries and interfaces when combined with ab initio modeling [234, 240] (Fig. 7) . For example, a metrology to extract phonon transmission coefficients at solid interfaces using first-principles phonon transport modeling and time-domain thermoreflectance (TDTR) experiments was recently developed [240] . In another study, phonon wavelengthedependent specularity parameters were extracted from macroscopic thermal conductivity measurements in a transient thermal grating experiment by interpretation of the measured observables with an ab initio description of phonon transport [234] . Ultrafast laser-based spectroscopies combined with PBT/DFT calculations have been demonstrated as a powerful tool to study the intrinsic properties of phonons in solids and microscopic processes near different structural features, including interfaces.
Beyond Peierls-Boltzmann transport
Limitations of PBT/DFT
Most of the work highlighted in this survey has used a linearized form of the homogenous, steady-state Peierls-Boltzmann equation (Eq. (2)), typically with phonon-phonon interactions only to lowest order in perturbation theory (Sections 2.4 and 2.5 for exceptions). In this case, phonons are assumed to be well-defined quasiparticles that do not interact too strongly and whose distributions respond linearly to a temperature gradient [5e7, 11, 247] . Furthermore, the material that supports them has no spatial (besides a small and linear temperature gradient) or temporal variations. Thus, this form of the PBT does not consider the effects of temperature profiles that oscillate in time or vary on the surface of a material, similar to many of the laser-based thermal spectroscopies discussed previously. Relevance of these features depends on the spatial and temporal scales for temperature variations compared with the vibrational dynamics. Also, the PBT method does not account for variations in the phonon distributions near a surface or interface of a material. Although more challenging to solve, a more general form of the PBT including spatial and temporal variation has been used to describe thermal transport in bulk diamond, Si and MgO [248] , nanoribbons [249] , and nanowires [13, 199] .
Application of PBT methods also becomes questionable for materials with extreme disorder (alloys lacking periodicity) or crystals with strong anharmonicity (phonon MFPs on the order of the lattice spacings), and the description of the normal mode vibrations becomes blurred. Atomistic simulations have demonstrated that vibrations in amorphous materials can be localized (locons), phonon-like (propagons), or neither (diffusons) [250e252] . Even in crystalline materials, higher manganese silicide ladder structures [253] and Tl 3 VSe 4 [220] , comparison of PBT/DFT calculations with measurements of k, suggest that vibrational thermal energy may be carried by both phonons and 'hopping' of instantaneously localized vibrational thermal energy.
Hydrodynamic phonon transport
When normal (N) scattering is much stronger than Umklapp (U) scattering, and thus most scattering processes conserve the total momentum of the flowing phonon distribution, hydrodynamic phonon transport can occur. This phonon transport is similar to fluid flow in that the phonon scattering conserves the overall momentum similar to intermolecular scattering, hence the term 'hydrodynamic'. Hydrodynamic phonon transport was an active research topic in the 1960s and 1970s, with theoretical predictions [254e257] followed by later experimental confirmation [258e261]. These studies verified the quantum theory of lattice dynamics by demonstrating dissimilar effects of N-and U-scattering processes on phonon transport and are thus of scientific significance. However, hydrodynamic phonon transport was only observed at extremely low temperatures (<20 K) and thus not of interest for practical applications.
Recent advances in ab initio simulation of phonon transport have brought renewed attention to hydrodynamic phonon transport. PBT/DFT scattering rate calculations demonstrate that in some high k materials such as diamond [14] , graphene [2, 53] , and graphite [2] , N-scattering is much stronger than U-scattering, even at room temperature. As briefly mentioned in Section 2.1, both Nand U-scatterings play important roles in determining the full solution of the PBT, U being strictly resistive and N redistributing phonons. Both are required to give agreement with measured data, particularly for high k materials. Strong N-scattering is the basis of recent predictions of hydrodynamic phonon transport in suspended graphene using the ab initio phonon calculation framework [162, 163] . Full solutions of the PBT show that phonons exhibit a collective motion with the same drift velocity. Hydrodynamic phonon transport was also predicted in single-walled carbon nanotubes [262] and graphite [263] . These first-principles phonon calculations for graphitic materials predict that the hydrodynamic regime dominates over ballistic and diffusive regimes in a wide range of temperature, 50e150 K, depending on the sample size. Also, even at room temperature, it was shown that the hydrodynamic regime cannot be neglected, but all three regimes coexist [162, 163, 263, 264] (Fig. 8) .
The description of hydrodynamic phonon transport requires a full solution of the PBT in both reciprocal and real spaces. The realspace component is required in the hydrodynamic regime as the main thermal resistance is due to a viscous damping, momentum transfer through many N-scattering processes to boundary walls, and subsequent destruction of momentum by diffuse boundary scattering [264] . The PBT in Eq. (2) assumes that the MFPs of phonons limited by U-scattering are much smaller than the sample size and thus the temperature gradient and phonon distribution function are homogenous in the material. Solving the PBT in both Fig. 7 . Calculated thermal conductivity accumulation (k-accumulation) versus phonon wavelength for a Si membrane with thickness of 515 nm at 350 K. The solid (dashed) black curve represents the specular (diffuse) scattering limit, and the gray region is calculated using specularity parameters extracted from interpreting macroscopic thermal conductivity measurements in a transient grating experiment with an ab initio description of phonon transport. Reproduced from Ref. [234] with permission.
real and reciprocal spaces can be a challenging task as the PBT is an integro-differential equation with many dimensions. Recently, two ab initio approaches were developed. First, the concept of the 'relaxon', an eigenstate of the symmetrized scattering operator, was introduced [265] . In this approach, the PBT is recast in terms of distribution functions of relaxons. An advantage of introducing the relaxon is that phonon transport can be described by a simple kinetic theory of relaxons with well-defined quasiparticle MFPs. Second, a Monte Carlo (MC) method was developed to solve the PBT with a full scattering matrix [249, 264] . Previously, the MC method was used to solve the PBT with a single-mode RTA to study quasiballistic phonon transport [266, 267] . For solving the PBT with a full scattering matrix, a specific scattering channel among many scattering channels is stochastically chosen. An advantage of the MC method is that sample distribution functions of ballistic and scattered particles can be found separately, and therefore, the different contributions from ballistic, hydrodynamic, and diffusive regimes to the actual phonon transport can be quantitatively elucidated [268] . This is particularly useful for the case in which all three regimes coexist, which commonly occurs in high k materials at room temperature.
Ab initio calculations have demonstrated the importance and complex interplay of N-and U-scattering in determining phonon hydrodynamic behavior, including second sound. These have predicted the temporal and spatial scales required to observe hydrodynamic behavior for a number of materials (including graphene [162, 163] , graphite [263] , and carbon nanotubes [262] ) at relatively high temperature and have given deeper insights into phonon transport behavior in high k materials. Experimental observation of hydrodynamic behavior in the predicted spatial and temporal scales would demonstrate the predictive power of these extended first-principles frameworks.
First principleseenabled MD
MD simulations are another powerful tool for calculating k, particularly for applications in which PBT/DFT calculations are not effective. For instance, ab initio MD was combined with phonon normal mode analysis and the PBT to predict k of MgO at high temperature and pressure [269] . First-principles MD simulations have also used the transient response of the system to predict k of nanostructures [270] and given insights into large atomic displacements and transport in Cu 2 Se [271] . However, ab initio MD can handle only small simulation domains due to the large computational expense; thus, it is most suitable for small nanostructures or bulk materials at high temperatures. More typically, MD simulations use empirical potentials that are often not available for materials of interest. Alternatively, first-principles data sets (including cohesive energies and bond lengths, for example) have been used with other experimental data to develop potentials for materials such as silicon [272] and carbon [19] . However, most empirical potentials were not developed with thermal transport in mind. For thermal transport, the potentials need to capture essential harmonic and anharmonic phonon properties at the temperatures of interest. Recently, progress toward this goal has been made by using first-principles energy surface data corresponding to the atomic displacements at relevant temperatures [273] , adjusting potential parameters to fit phonon dispersions [274] , and introducing third-order force constants and genetic algorithms in the fitting process [275] .
Concluding remarks
This article has provided a review of the literature related to PBT/DFT methods and applications, highlighting the wide variety of materials that have been examined, some interesting predictions, and recent methodological developments. The PBT/DFT provides a capability to reliably predict k of a variety of materials (from 1D to bulk) and systems (e.g. superlattices and alloys) under a variety of conditions (e.g. temperature and pressure). Since its inception just over a decade ago, PBT/DFT has been benchmarked against measured k data for a number of materials demonstrating general quantitative accuracy without adjustable empirical parameters. Application of PBT/DFT to different materials has resulted in new physical insights into the nature of phonon scattering and thermal transport and some exciting predictions. Recent extensions of the PBT/DFT formalism include phonon interactions with defects and higher order anharmonic processes, generally extending its applicability.
As access to computational power and numerical software packages increases, application of the PBT/DFT formalism to novel material systems and further expansion of its predictive power are inevitable. Green's function algorithms and supercell zone-folding techniques will likely be further developed for modeling the variety of phonon-defect interactions in 'real' materials for coupling with PBT/DFT transport, including defect dynamics. Phonon renormalization and higher order phonon interactions will become the norm rather than the state of the art. Advances in the firstprinciples description of electron-phonon interactions and coupling with PBT/DFT will pave the way for phonon coupling and transport descriptions (ballistic, diffusive, hydrodynamic, etc.) with other degrees of freedom, including magnons and other vibrational channels. This is an exciting time to develop enhanced theoretical and numerical descriptions of thermal transport in solids. 
